Introduction {#Sec1}
============

The search for the topology of band structures has become an important subject in modern condensed matter physics. Notable examples are topological insulator and superconductivity^[@CR1],[@CR2]^, which are gapped in bulk but possess gapless surface states on the boundary of the system. Recently, theoretical and experimental developments of topological semimetals have generalized topological phases from gapped to gapless system^[@CR3]--[@CR12]^. In particular, the 3D WSM will emerge with a broken time-reversal or inversion symmetry, which has pairs of Weyl points in bulk. Near such a Weyl point, the energy spectrum is linear along three momentum dimensions and described by Weyl Hamiltonian. A pair of Weyl points with opposite chiralities can be connected by open Fermi arc on the surface of the 3D system^[@CR3]--[@CR5]^. Different from this family of 3D WSMs, dubbed type-I WSM, with a point-like Fermi surface, type-II WSM holds a novel type of structured Weyl point^[@CR13]^ that exists at the contact point of the electron and hole pockets of the Fermi surface^[@CR14]--[@CR18]^. Due to the gapless topological structures of type-I and II WSMs in bulk, they exhibit many novel properties, such as chiral anomaly, anomalous magnetic effects and so on^[@CR19]--[@CR23]^. Significant experimental progress has been reported on two types of WSMs in solid-state materials^[@CR2],[@CR10]--[@CR12],[@CR14]--[@CR18]^ and artificial systems^[@CR24]^. In all the previous experimental works on type-I or type-II WSMs, Weyl nodes in pairs with opposite chiralities are found in the 3D systems. The 2D WSM has been theoretically explored in the low energy effective theory^[@CR25]^, and quasiparticle spectra of the superconductor in the heterostructure^[@CR26]^, but theoretical schemes and experiments about the emergence of 2D time-reversal breaking WSMs in the single-particle spectra of the true 2D systems do not exist.

On the other hand, the experimental realization of the 1D and 2D spin-orbit couplings in ultracold atomic gases has propelled these artificial systems as promising platforms for discovering novel topological states of matter^[@CR27],[@CR28]^. To realize the WSM, a lot of experimental schemes focus on 3D single-particle spectra^[@CR29]--[@CR32]^, the 3D quasiparticle spectra^[@CR33]^, and equivalent 3D systems with an artificial dimension by parameters of the model or the internal degrees of freedom of the system^[@CR34]^. All these proposals have increased the difficulty in the controllability of experiments. It is worth noting that a synthetic external Abelian and non-Abelian gauge field coupled to neutral atoms have been generated in ultracold atomic gases experimentally^[@CR35]--[@CR37]^. For the non-Abelian gauge field^[@CR38],[@CR39]^, it can simulate various relativistic quantum field theories, where the energy bands may display various kinds of singularities, such as Dirac points. A Dirac point in the 3D system may split into two Weyl points when inversion or time-reversal symmetry (TRS) is broken, and the Dirac semimetal becomes the WSM^[@CR40]^. A natural question to be asked is whether a feasible and straightforward scheme that a 2D Dirac point in the single-particle spectra may split into two Weyl points in the mere 2D lattice system exists.

In this article, we report the emergence of the 2D Weyl points in the single-particle spectra with the non-Abelian Gauge Field and the in-plane Zeeman field. Only when the non-Abelian Gauge Field exists, can the system show two Dirac points in the first RBZ, similar to the Dirac cones of the honeycomb lattice. When increasing in-plane Zeeman field strength, each fourfold degenerate Dirac point is broken into double degenerate Weyl points. Four Weyl points can be found at the half-filling, and it only changes the position of the momentum with the change of the in-plane Zeeman field, dubbed Weyl-I. Meanwhile, two groups of Weyl points can be found at the positive and negative energies, respectively, dubbed Weyl-II, when deviating from the half-filling. Remarkably, the size of the positive and negative energy of these Weyl-II points is consistent with the size of the in-plane Zeeman field strength, and the variation of the Zeeman field only modulates their energy positions. Based on this WSM, a novel FFLO pairing of attractive Fermi gases with the beat phenomenon can be formed on pairs of the Fermi surfaces of the system.

Model Hamiltonian {#Sec2}
=================

To explore the WSMs, the non-Abelian gauge field can be considered via the Peierls substitution **A**^±^ = (±*ασ*~*x*~, $\documentclass[12pt]{minimal}
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                \begin{document}$$\mp b{s}_{y}$$\end{document}$) in the 2D system. Due to the position dependence of the non-Abelian gauge field, we need AB sublattice, to which the upper and lower symbols are corresponding respectively, and *σ*~*x*~ and *σ*~*y*~ are the Pauli-spin matrices. Combined with this non-Abelian gauge field, we consider a tight binding model for Fermi gases trapped in a 2D square lattice, whose Hamiltonian is written as$$\documentclass[12pt]{minimal}
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To illustrate the emergence of Weyl points, the whole Hamiltonian under the period boundary condition may be rewritten in momentum space with the new basis: Ψ~*k*~ = $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr{T}}$$\end{document}$ symmetry is broken, and each fourfold degenerated Dirac point is broken into a pair of two-fold degenerated Weyl points. At this moment, the Hamiltonian still has the particle-hole($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathscr{C}}$$\end{document}$) symmetry. It plays a crucial role here because a pair of Weyl points with opposite momenta(±**k**) have the same topological characteristics, and each Weyl point will not annihilate until they melt with the Weyl point with opposite topological characteristics. The neutrality of topological charge in the entire *k* space means the other two Weyl points with opposite topological characteristics exist at some other momenta. For one Weyl point, the presence of topological characteristics allows the definitions of the Berry phase^[@CR33]^ as follows:$$\documentclass[12pt]{minimal}
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The Emergence of Weyl Points {#Sec3}
============================

In addition to the symmetry analysis, we demonstrate the emergence of Weyl points from the energy spectrum. The quasiparticle energy of *H*(**k**) read $\documentclass[12pt]{minimal}
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                \begin{document}$${E}_{k}=\pm \,\sqrt{{h}_{so}^{y2}+{({h}_{x}\pm \sqrt{{h}_{t}^{2}+{h}_{so}^{x2}})}^{2}}$$\end{document}$. In Fig. [1](#Fig1){ref-type="fig"}, we further depict the band structures of some representative parameters *α* = *β* = *π*/4 for Dirac and Weyl Semimetal. In two dimensional momentum space, without *h*~*x*~, four Dirac points can be found at $\documentclass[12pt]{minimal}
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                \begin{document}$$(\pm \frac{\pi }{2},\pm \,\frac{\pi }{2})$$\end{document}$ such as in Fig. [1(a)](#Fig1){ref-type="fig"}, In Fig. [1(e)](#Fig1){ref-type="fig"}, four dots display Fermi points of the Dirac semimatal. In Fig. [1(b)](#Fig1){ref-type="fig"}, when increasing *h*~*x*~, Weyl points can emerge in pairs with the opposite chiralities, corresponding to *n*~*w*~ = ±1 in Fig. [1(f)](#Fig1){ref-type="fig"}. The locations of Weyl points can satisfy the conditions of cos $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$({k}_{x})=\pm \,\frac{{h}_{x}}{2}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${k}_{y}=\frac{\pi }{2}$$\end{document}$ near the half filling, dubbed Weyl-I, whose momenta are variant with the change of *h*~*x*~. Its locations can be tuned easily just by varying *h*~*x*~. Meanwhile, between the higher two energy bands or the lower two energy bands, four Weyl points can also be found at $\documentclass[12pt]{minimal}
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                \begin{document}$$(\pm \frac{\pi }{2},\pm \,\frac{\pi }{2})$$\end{document}$ respectively, in Fig. [1(h)](#Fig1){ref-type="fig"}, dubbed Weyl-II, whose momenta are invariant with the change of in-plane Zeeman field *h*~*x*~ strength, and energies are equal to the size of *h*~*x*~, as in Fig. [1(d)](#Fig1){ref-type="fig"}. As *h*~*x*~ changes from weak to strong, Weyl-II points are very robust and cannot merge. In contrast with Weyl-II points, as *h*~*x*~ ≈ 2, two Weyl-I points with the opposite Berry phase will merge, and the total Berry phase becomes zero in Fig. [1(c,g)](#Fig1){ref-type="fig"}. It is noteworthy that the slight magnetic field can lead to the emergence of the 2D WSM, and it increases the feasibility of the experiment on the ultracold atom.Figure 1Features of 2D Dirac and Weyl semimetals from the energy spectrum as a function of in-plane magnetic field *h*~*x*~. (**a**) The energy spectrum of the Dirac semimetal with *h*~*x*~ = 0. (**b**) The WSM with *h*~*x*~ = 1. (**c**) The merging of Weyl points with *h*~*x*~ = 2. (**d**) Weyl-II points in the gapped system with *h*~*x*~ = 4. (**e**--**g**) The corresponding Dirac and Weyl-I points on the Fermi surfaces for *h*~*x*~ = 0, 1, 2 accordingly. (**h**) Weyl-II points on the two Fermi surfaces with the chemical potential *u* = ±*h*~*x*~. Winding numbers of red and green points are 1 and −1 respectively.

For any Weyl point, the location of the momentum is at *k*~*w*~. To obtain the low-energy effective Hamiltonian^[@CR42]^, we have $\documentclass[12pt]{minimal}
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                \begin{document}$${\Phi }_{k}={V}_{{k}_{w}}^{\dagger }{\Psi }_{k}=({\phi }_{h},{\phi }_{l})$$\end{document}$, where *H*~*h*~ and *H*~*l*~ are the high-energy and low-energy components, *H*~*c*~ is coupling between two components. We can integrate out the high-energy component *ϕ*~*h*~, and the effective two bands Hamiltonian can be obtained as $\documentclass[12pt]{minimal}
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                \begin{document}$${{\mathbb{Z}}}_{2}$$\end{document}$ Weyl point can also be defined as *χ* = sign (det \[*v*~*ij*~\]), and the calculation shows that the general relation of these two invariants *χ* and *n*~*w*~ is *χ* = −*n*~*w*~, both of which directly reflect the topological characteristics of the Weyl point together.

To better explore the tunability of the Weyl point under the magnetic field, we calculate the components of the effective Fermi velocity(*v*~*F*~) as a function of *h*~*x*~ under the low-energy effective theory in Fig. [2(a)](#Fig2){ref-type="fig"}. We can find that *v*~*yy*~ and *v*~*yz*~ components are all invariant with increasing *h*~*x*~. *v*~*xz*~ decreases with the increase of *h*~*x*~. When *h*~*x*~ is close to 2, *v*~*xz*~ = 0, linear dispersions of *E*~*k*~ are dropped, and Weyl points are transformed into normal Fermion particles. All of these characteristics are reflected by insets of *E*~*k*~(*k*~*x*~). By increasing *h*~*x*~, Berry connections between two closely spaced Weyl points demonstrate strong interference. Here, by taking the constant phase factor of the wave function, the Berry connection becomes gauge-invariant. Berry connections of two Weyl points with the same Berry phase intensively scatter and cancel each other in Fig. [2(b)](#Fig2){ref-type="fig"}. In Fig. [2(c)](#Fig2){ref-type="fig"}, when two Weyl points with opposite Berry phases close, Berry connections reinforce between them. The emergence of all these phenomena depends only on the modulation of the magnetic field.Figure 2The low-energy effective Fermi velocity and Berry connection of the winding number. In (**a**) the components of Fermi velocities as a function of *h*~*x*~ under the low-energy effective theory. In (**b**) 2D vectorgraph of Berry connections around different Weyl points at the zero energy with *h*~*x*~ = 1 and *μ* = 0, and (**c**) *h*~*x*~ = 1.5 and *μ* = 0, and the arrows represent the direction of Berry connections. For red and green points as in Fig. [1](#Fig1){ref-type="fig"}.

Detection of the WSM using the Bloch Zener Oscillation {#Sec4}
======================================================

Landau-Zener tunneling from the lower to the upper band has revealed that the atomic fraction tunneling can monitor the band-touching points to the excited band after a cycle of Bloch oscillations^[@CR43]^. Especially, recent experiments utilize the Bloch Zener Oscillation technique to explore the two-band system featuring Dirac points^[@CR44]^. This technique is also extended to detect Weyl points in the 3D lattice system^[@CR31],[@CR45]^. Below, we utilize this technique to explore the case of the 2D WSM, in which the transfer fraction can be written as$$\documentclass[12pt]{minimal}
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                \begin{document}$${p}_{x}({k}_{x},{k}_{y})=2{P}_{LZ}({k}_{x},{k}_{y})[1-{P}_{LZ}({k}_{x},{k}_{y})],$$\end{document}$$where $\documentclass[12pt]{minimal}
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                \begin{document}$${P}_{LZ}={e}^{-{\pi }{E}_{+}^{2}({k}_{x},{k}_{y})/{v}_{x}F}$$\end{document}$ is Landau-Zener transition probability. *E*~+~(*k*~*x*~, *k*~*y*~) denotes the difference of the energy locating at (*k*~*x*~, *k*~*y*~) when Landau-Zener transitions arise, *v*~*x*~ is velocity near Weyl points, and *F* is an external constant force. When *F* is applied in the 2D WSM along *x* direction, atoms in the ground state can be pushed and move along *x* direction, whose process may be reflected by the 2D quasimomentum distribution of the transfer fractions *p*~*x*~. For different *h*~*x*~, results of *p*~*x*~ can be displayed in Fig. [3](#Fig3){ref-type="fig"}. In Fig. [3(a)](#Fig3){ref-type="fig"} with *h*~*x*~ = 0, the distribution of the transfer fraction *p*~*x*~ exhibits four the ring-type profiles in the first BZ. For any ring-type profile, the position of dip (*p*~*x*~ = 0) inside it symbols the location of the Dirac point. In Fig. [3(b)](#Fig3){ref-type="fig"} with *h*~*x*~ = 1, *p*~*x*~ also exhibits four the ring-type profiles in the first RBZ and positions of red and green points (*p*~*x*~ = 0) symbol locations of the Weyl points. The strength *p*~*x*~ between any two Weyl points with the opposite Berry phases weakens and forms a vortex. When increasing *h*~*x*~ to 1.5, two pairs of Weyl points with opposite Berry phases get close to each other in Fig. [3(c)](#Fig3){ref-type="fig"}, the strength of *p*~*x*~ between them reinforces. The strength of *p*~*x*~ exactly reflects the distribution of Berry connections around Weyl points in Fig. [2(b,c)](#Fig2){ref-type="fig"}. In Fig. [3(d)](#Fig3){ref-type="fig"}, when *h*~*x*~ = 1.99, Weyl points with opposite Berry phases can move together and merge. The emergence indicates the critical point of the phase transition, which can be identified by this Bloch Zener Oscillation method. All these characteristics are consistent with the conclusions of Fig. [1](#Fig1){ref-type="fig"}.Figure 3The 2D momentum distribution of the transfer fractions *p*~*x*~ for different *h*~*x*~. (**a**) The qusimomentum distribution of *p*~*x*~ for Dirac points with *h*~*x*~ = 0.0. The qusimomentum distribution of *p*~*x*~ for Weyl points with (**a**) *h*~*x*~ = 1.0, (**b**) *h*~*x*~ = 1.5, and (**d**) *h*~*x*~ = 1.99. For (**a**--**c**), the distribution of *p*~*x*~ exhibits the ring profiles. The dip inside a ring labels the location of the Dirac point or the Weyl point. Other parameters are *t* = 1 as energy unit and *F* = 1, For red and green points as in Fig. [1](#Fig1){ref-type="fig"}.

The FFLO Superfluid with a Beat in the 2D WSM {#Sec5}
=============================================

For the WSM, Fermi surface is only four Weyl points at different momenta. This anomalous band structure provides the natural basis for the emergence of novel and inhomogeneous superfluid states, especially for the FFLO state^[@CR46],[@CR47]^. Here, with contact attractive interaction, Fermi gas forms s-wave superfluids. We define the order parameter as Δ~*i*~ = −*U*~*int*~〈*c*~*i*↓~*c*~*i*↑~〉 with the interaction strength *U*~*int*~ = 5. $\documentclass[12pt]{minimal}
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To distinguish the source of different modulations for inhomogeneous superfluid states, such as the FFLO state with a beat, we show the schematic diagram of the Fermi surface under the superfluid states in Fig. [4(a)](#Fig4){ref-type="fig"}. Because of the unusual Fermi surface in the WSM, the Fermi surface of the superfluid state is represented by four blue circles, one of which is around the position of the Weyl point in the first RBZ. Our calculations show that the Δ~*i*~ is uniform along *y* direction, and the finite center-of-mass momentum ±*Q* of the cooper pairs only exist along *x* direction, marking the so-called Larkin-Ovchinnikov(LO) state(a spatially varying order parameter amplitude). It implies that the cooper pairs only occur between up and down Fermi surfaces being parallel to *k*~*y*~ direction in Fig. [4(a)](#Fig4){ref-type="fig"}, and cannot occur between left and right Fermi surfaces along *k*~*x*~ direction. In particular, for the two Fermi surfaces parallel to *k*~*y*~ direction, there exist two kinds of pairs. If the atoms from the upper and lower Fermi surfaces form the cooper pair along the diagonal direction, it holds the finite center-of-mass momentum $\documentclass[12pt]{minimal}
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                \begin{document}$$Q$$\end{document}$, which is so-called Larkin-Ovchinnikov(LO) state^[@CR47]^. It is labeled by the blue double arrow, such as shown in Fig. [4(a)](#Fig4){ref-type="fig"}. If they form the cooper pair perpendicular to the *k*~*x*~ axis, their finite center-of-mass momenta can distribute in the interval $\documentclass[12pt]{minimal}
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                \begin{document}$${Q^{\prime} }_{max}-{Q^{\prime} }_{min}$$\end{document}$) = 2*q*, *q* is roughly equal to the radius of the Fermi surface. Once the cooper pairs with the different ±*Q* and ±*Q*′ emerge, the LO states with different frequencies (*Q* and *Q*′) overlap each other to produce beating pattern such as in Fig. [4(b,c)](#Fig4){ref-type="fig"}. From Fig. [4(b)](#Fig4){ref-type="fig"}, we can only observe a beat in the system of specific size when *h*~*x*~ = 1.1. When *h*~*x*~ = 1.55 in Fig. [4(c)](#Fig4){ref-type="fig"}, the Δ~*i*~ can be reduced, Fermi surface of the LO state shrink accordingly, which results in the reduction of the difference *q*′ of *Q*′ and *Q* simultaneously. This relatively increases the value of *q*′/*Q*, so one beat has evolved into two beats. When *h*~*x*~ = 2 such as in Fig. [4(d)](#Fig4){ref-type="fig"}, the difference *q*′ of *Q*′ also becomes negligible. From Fig. [1(g)](#Fig1){ref-type="fig"}, we can find that the finite center-of-mass momentum *Q* is only *π*, so this inhomogeneous superfluid state is the *π*-Fulde-Ferrell(FF) state (a phase-modulated order parameter with a uniform amplitude)^[@CR46]^. All the above novel superfluid states can be determined by the special structure of the Fermi surface.Figure 4The schematic diagram and the FFLO order parameters for different *h*~*x*~. (**a**) The schematic diagram of the Fermi surface. The order parameters of the LO state with a beat at *h*~*x*~ = 1.1 for (**b**) and with two beat at *h*~*x*~ = 1.55 for (**c**). (**d**) The order parameter of the FF state at *h*~*x*~ = 2 with *π* phase. Other parameters are *t* = 1 as energy unit.

Summary {#Sec6}
=======

In summary, we theoretically propose and study the 2D WSM with cold atoms in a square optical lattice subjected to the non-Abelian gauge field, and successfully identify the Weyl points and their evolutions by the single-particle spectra and the Bloch Zener Oscillation technique under different *h*~*x*~. The Fermi velocities and Berry connections of the 2D WSM are manifestly uncovered with the change of the magnetic field. Moreover, based on the particular structure of the Fermi surface in the 2D WSM, we examine the superfluidity of attractive Fermi gases, and the FFLO states with different beats are revealed, which significantly enriches and deepens our awareness of the novel and inhomogeneous superfluid states. The 2D WSM combining with the 3D WSM provides a promising platform for exploring the exotic physics of WSMs. Considering that all the ingredients to observe the 2D Weyl points in the optical lattice have been achieved in recent experiments, we expect that the 2D WSM will be realized in the future experiments.
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